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LINE GRAPHS AND THE TRANSPLANTATION METHOD 


PETER HERBRICH 


Abstract. We study isospectrality for mixed Dirichlet-Neumanii boundary conditions, and 
extend the previously derived graph-theoretic formulation of the transplantation method. 
Led by the theory of Brownian motion, we introduce vertex-colored and edge-colored line 
graphs that give rise to block diagonal transplantation matrices. In particular, we rephrase 
the transplantation method in terms of representations of free semigroups, and provide a 
method for generating adjacency cospectral weighted directed graphs. 


I 1. Introduction 

Inverse spectral geometry studies the extend to which a geometric object, e.g., a Euclidean 
domain, is determined by the spectral data of an associated operator, e.g., the eigenvalues 
of the Laplace operator with suitable boundary conditions. This objective is beautifully 
summarized by Kac’s influential question “Can one hear the shape of a drum?” |Kac66| . 
Recently, the author [Her 14) studied broken drums each of which is modeled as a compact 
flat manifold M with boundary dM = doM U d^M, where doM and d]\fM represent the 
attached and unattached parts of the drumhead, respectively. The audible frequencies of 
such a broken drum are determined by the eigenvalues of the Laplace-Beltrami operator Am 
of M with Dirichlet and Neumann boundary conditions along OdM and d^M, respectively. 
Provided that dM is sufficiently smooth, this operator has discrete spectrum given by an 
unbounded non-decreasing sequence of non-negative eigenvalues. 

Using number-theoretic ideas, Sunada |Sun85] developed a celebrated method involving 
group actions to construct isospectral manifolds, i.e., manifolds whose spectra coincide. 
It ultimately allowed Gordon et ah |GWW9^ to answer Kac’s question in the negative. 
Buser |Bns86] distilled the combinatorial core of Sunada’s method into the transplantation 
method, which involves tiled manifolds that are composed of identical building blocks, e.g., 
M and M' in Figure 1(A), If (p is an eigenfunction on M, then its restrictions to the 

blocks of M are superposed linearly as on the blocks of M' such that the re¬ 

sult is an eigenfunction on M', and vice versa. All known pairs of isospectral planar domains 
with Dirichlet boundary conditions arise in this way |BGDS94] . i.e., they are transplantable. 

Following [Her m , we encode each tiled manifold with mixed Dirichlet-Neumann boundary 
conditions by an edge-colored graph with signed loops that encode boundary conditions, e.g., 
G and G' in Figure 1(G) By definition, every vertex of an edge-colored loop-signed graph G 
has one incident edge of each color, either as a link to another vertex or as a signed loop. 
If G has k edge colors, then it is determined by its /c-tuple of adjacency matrices 
which are diagonally-signed permutation matrices with = {AqY' = (A^)“^ given by 




g\vv 



if n 7 ^ n and there is a c-colored link between vertices v and n, 

ii V = v and there is a c-colored N- or D-loop at vertex n, respectively, 

otherwise. 
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Definition 1. Let G and G' be edge-colored or vertex-colored graphs given by fc-tnples of 
n X n adjacency matrices and respectively. Then G and G' are said to be 

(1) transplantable if there exists an invertible transplantation matrix T G snch that 

A^q = TAq,T~^ for every c G {1,2,..., k}, 

(2) cycle eqnivalent if for every finite seqnence of colors ci, C 2 ,..., Q G (1, 2,..., A;} 

tr(Ag/lg---/lg)=tr(/lg,Ag,---AgO. 

Note that transplantable graphs are cycle eqnivalent. The following characterization of trans¬ 
plantable tiled manifolds says that the converse holds for edge-colored loop-signed graphs. 

Theorem 2. [Her m Let G and G' he edge-colored loop-signed graphs with the same numbers 
of vertices and colors. Let M and M' be tiled manifolds with mixed Dirichlet-Neumann 
boundary conditions obtained by choosing a building block. Then the following are equivalent: 

(1) M and M' are transplantable (and therefore isospectral), 

(2) G and G' are transplantable, 

(3) G and G' are cycle equivalent. 


The eqnivalence of ([T]) and ([2]) is shown nsing regnlarity and cont innation theorems for 
elliptic operators, and the eqnivalence of ([2]) and ([3]) is shown nsing representation theory. 
In the following, we derive fnrther characterizations of transplantability. As is well-known. 
Brownian motion on a manifold M has as its infinitesimal generator, rendering it 

a natnral object of stndy for spectral qnestions. Consider a particle moving on the tiled 
manifold M in Fignre 1(A) Each time the particle hits d^M, it is reflected back, whereas 
contact with dnM destroys the particle. Since the 4 triangnlar bnilding blocks of M are 
isometric, we only keep track of the triangle sides visited, which corresponds to a walk 
on the colored vertices of the associated directed line graph L'^‘^{G) shown in Fignre 1(E) 


Each A^-loop of G in Fignre 1(C) contribntes 3 directed edges of eqnal weight to L'"^{G) in 
Fignre 1(E), whereas D-loops of G do not contribnte at all. The edge-colored directed line 
graph L^’^ifG) in Fignre 1(G) is obtained by coloring edges instead of vertices. In Section |21 
we define LT^{G) and L^^{G) rigoronsly, and prove the following main theorem. 


Theorem 3. Let G and G' he edge-colored loop-signed graphs with n vertices and k colors. 
//tr(Ag) = tr(A^,) for every c G {1, 2,..., k}, then the following are equivalent: 

(1) G and G' are transplantable, 

(2) G and G' are cycle equivalent, 

(3) L''^{G) and L™(G') are transplantable, 

(4) LT'^iG) and L™(G') are cycle equivalent, 

(5) L^^{G) and L^^{G') are transplantable, 

(6) L’^'^iG) and L^’^{G') are cycle equivalent. 

If any of the above conditions holds, then there exists an invertible transplantation matrix 
for both and ^ that is the direct sum of square matrices of sizes (tr(J„ -|- Ag)/2)^^^. 

Theorem[3]has the following representation-theoretic interpretation. For K = {1, 2,..., k], 
we denote the free gronp on K by F{K), and the free semigronp on K by K~^. The graphs G 
and G' give rise to a pair of representations of F{K) by virtne of i—)■ Aq and i-G- Aq,, 
respectively. Similarly, L^^{G) and L^‘^{G'), as well as L^^{G) and L^^{G'), give rise to pairs of 
representations of . If the assnmptions of Theorem [3] are satisfied, and the representations 
of one pair are eqnivalent or have eqnal characters, then both are trne for all pairs. 
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(A) Tiled manifolds 



(B) Triangular building block 



(C) Edge-colored loop-signed graphs 


sAq + wA'^ + zAq 
/ 0 s w ^ \ 

s w — z 0 0 

w 0 z — s 0 
0 0 s — w j 


T (T^ = 3T-^) 
/O 1 1 1 \ 

10 1-1 
1-10 1 
Vi 1 -1 0 ; 


(D) Adjacency and transplantation matrix 



(E) Vertex-colored directed line graphs 
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(E) Adjacency and transplantation matrix 



(G) Edge-colored directed line graphs 
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(H) Adjacency and transplantation matrix 


Figure 1. Graph representations of a pair of transplantable tiled manifolds. 
The adjacency matrices belong to the respective first graph. The types of line 
{straight, wavy, zigzag) represent the edge colors {s,w,z) of G and G'. The 
graphs L^^{G) and L^^{G') have edge colors {a,b,c) = ({s, tp}, {tp, z}, {s, z}). 


It is worth mentioning that [Her 14] gives examples of non-isomorphic graphs G and G' as in 
Theorem [3] that have 4 vertices, no A^-loops, and isomorphic line graphs U''^{G) and ^^^{G'). 
These pairs closely resemble the single exception of the classical Whitney graph isomorphism 
theorem |Whi32| which states that two uncolored connected graphs without loops or parallel 
edges are isomorphic if and only if their line graphs are isomorphic, with the exception of 
the triangle graph and the star graph S '3 = iFi, 3 , which both have as their line graph. 

We want to point out the results in |MM031 IOB12| . which initiated our investigations. 
In |MM03| . McDonald and Meyers consider the finitely many known pairs of transplantable 
planar domains with pure Dirichlet boundary conditions |BCDS94] . and introduce their line 
graph construction, which, in our notation, corresponds to the assignment M ha L^‘^{G). 
For each of the pairs in |BCDS94] . they verify that the associated edge-colored line graphs 
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are cospectral with respect to a certain discrete Laplace operator. In | 0 B 12 ] . Oren and Band 
note that these graphs are also cospectral with respect to their weighted adjacency matrices. 
However, the line graph construction was neither known to always produce cospectral graphs, 
nor could it deal with Neumann boundary conditions, and it had not been noticed that there 
exist canonical transplantations as in the second part of Theorem |21 


2. Colored directed line graphs 

Let G be an edge-colored loop-signed graph with n vertices and adjacency matrices 
In particular, tr(/„ -|- Aq )/2 equals the number of c-colored links and iV-loops of G. 

Definition 4. Let G* be the graph obtained from G by removing all D-loops. Let 


Ur = 


E 

C=1 


tr(/„ A^) 


denote the number of edges of G*. The vertex-colored directed line graph L^'^{G) of G has 
one c-colored vertex for each c-colored edge of G*, and two vertices of U'^{G) are connected 
if and only if the corresponding edges in G* are incident. More precisely, L^'^{G) is defined 
by its fc-tuple of x adjacency matrices (y 4 ^vc(c-))c=i given by 

{ 2 if edge e of G* is c-colored and shares all of its vertices with edge e 7^ e, 
if edge e of G* is a c-colored link and shares one vertex with edge e 7^ e, 
0 otherwise. 

The edge-colored directed line graph L“(G) has vertices, colors {{c, c} | 1 < c < c < A;}, 
and is obtained from U'^iG) by coloring its edges with the colors of their incident vertices. 
More precisely, L‘^^{G) is defined by its (2) adjacency matrices {A^^£^Q^)i<c<c<k given by 




{c,c} 1 

£,ec(G)Jee 


[H2vc(c.)]ee + [^Lvc(c')]ee If the Set of colors of edges e and e of G* is {c, c}, 
0 otherwise. 


We note that if G has no iV-loops or parallel links, then L'^^{G) is a simple edge-colored 
undirected graph, meaning it has symmetric {0, l}-adjacency matrices with zero diagonal. 

Definition 5 . Let G { 0 , be the weighted incidence matrix of G* given by 

w if edge e of G* is an W-loop incident to vertex v, 

[Bu,]ye = ■^ 1 if edge e of G* is a link incident to vertex n, 

0 otherwise. 


For each c G { 1 , 2 ,..., k}, let G'^ G { 0 , be the diagonal matrix given by 

[C^lee = 


1 if edge e of G* has color c, 
0 otherwise. 


Lemma 6. For every c G {1, 2, ..., k}, 


Ac = BiG^B. 


c tdT 
2 


and 




= G\BlB,- 2 F). 
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Proof. We show the matrix equalities row by row. If M is a matrix, let [M]m denote its row m. 
Let V G {1,2,... ,n}. Recall that vertex u of G has exactly one c-colored incident edge e, 
either as a link, iV-loop, or H-loop, respectively. If e is a link to vertex v ^ v, then = 1 

and = 1 are the only non-vanishing entries in and [BiC'^]y, respectively. In 

particular, [BiC^Bj]^ equals [i?J]e whose non-zero entries are = [Bj]ev = 1- Similarly, 

if e is a H-link, then = —1 and = 0. Finally, if e is an iV-link, then 

~ 1 [BiC‘^]ye = 1 are the only non-vanishing entries in their respective rows. In 
particular, the same is true for = 2, which shows the first equality. 

Let e G (1,2,..., n^}. If edge e of G* is not c-colored, then [^i''qG)]e ~ ^ — 0- 

We therefore assume that e is c-colored, in which case — 2/„^)]e = [B^Bi — 2/„^]e. 

If e is a link between vertices v and v of G, then = 1 are the only non-zero 

entries in [i?J]e- In particular, [i?Ji?i]e = [Bi]y+[Bi]y, which coincides with [Af^c^Qs^ + 2In^]e- 
Similarly, if e is an iV-loop at n, then \BT]ev = 2 is the only non-zero entry in \Bl]e which 
gives [RjRi]e = 2[Ri], = + 24je. □ 

Lemma 7. In Theorem 0, the statements m, 0 , and ^ are equivalent. 

Proof. We start by showing that ([2]) and (jl]) are equivalent, which amounts to showing that 
the traces of products of adjacency matrices of G determine those of L^^{G), and vice versa. 
Since tr(J„) = n and (tr( 74 g))^^;^ are given by assumption, tr(J„^) = + ^g))/^ 

can be assumed as given as well. For c G {1, 2,..., k}, we have tr( 742 vc(c.)) = 0; (^g)^ ~ 
and = 0. It therefore suffices to consider products of adjacency matrices with 

cyclically square-free color sequences, i.e., sequences of the form ci, C 2 ..., Q G (1, 2,..., h} 
with Cl 7 ^ Cl and c* ^ Cj+i for i G {1, 2,..., / — 1}. As = G^^G‘^^ = 0, Lemma E] yields 

^lvc(g)A11c(g) = (G"iR2^Ri-2G"i)(G"2R2^Ri-2G"2) = G^^B'^BiG^^B^Bi-2G^^B'^BiG^\ 

which has trace 

= tT{BrG^^BlB^G^^Bl) -2ti{G^^G^^BlB^) = tr((Ag + 4)(Ag + /„)). 

Similarly, 

tr(A2‘vc(G')^Lvc(c) • • • ^L™(G)) = + ^n){AQ + In)- - ■ (Ag + /„)), 

which gives the desired statement by induction on 1. 

We finish by showing that (jl]) and (|1]) are equivalent, which is essentially due to the fact 
that T™(G) and T®'^(G) have the same set of cycles, i.e., closed walks on their vertices. 
Proceeding as above, we note that tr(Aj{e’,,^g^) = 0 for every c, c G {1,2,... ,k} with c 7 ^ c. 

Also, A^ec’(Q) = 0 whenever {ci,ci} fl { 02 , 02 } = 0. Thus, 

e-rt /iFl’Cl} a{c2,C2} aP‘A} \ _ fl 

u 

unless {ci. Cl} n {ci,ci} 7 ^ 0 and {c*, Cj} fl {cj+i, Cj+i} 7 ^ 0 for z G {1, 2,...,/ — 1}. Due to 
the cyclic invariance of the trace, every possibly non-zero trace is of the form 

tr((A[t’c%.))^) = 2 tr((A^vc(G)A 5 ^vc(G))^), where 1 < c < c < A; and j > 1 , 

or 

tr(A[eV("^|A[ecg| • • • ^iec^G)) = (G)^mHG) • • • ^lvc(g)), where ci ^ C 3 . 
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The first equation follows from the observation that [(y42vc(c')^2™(G))'^]ee ^ ^ only if vertex e 
of has color c, in which case it equals the number of closed walks that start at e and 

have color sequence c, c, c... ,c, likewise for [(74^vc(c')^ivc(G))'’]ee- Thus, 


1(4 


c,2} 


)iee = [(A 


Lvc(G)^ivc(G'))'^]ee + [(^ 


^vc(C-)A|vc((5 




The second equation follows in a similar fashion since [74^eV(Q|^^ec(c| • • • 7^ 0 only if 

vertex e of L^^{G) has color Ci. □ 


Theorem [2] and Lemma [7] show that o. o. o. and ([6]) in Theorem [3] are equivalent. 
Since transplantability of graphs implies their cycle equivalence, e.g., Q^dl]) and ([5])^([6]), 
Theorem [3] will be proven once we have shown that ([T]) implies the existence of a block 
diagonal transplantation matrix for both (|3]) and ([5]) as claimed, i.e., and (d])^®. 

In the following, let G and G' be transplantable edge-colored loop-signed graphs with 
n X n adjacency matrices and respectively. Let T G be an invertible 

transplantation matrix satisfying AqT = TAq, for every c G {1, 2,..., k}. In particular, 

_ tr(4 -F A^(j) _ tr(4 -F A^,,) 

^2 2 

which equals the number of c-colored links and iV-loops of G or G', respectively. Each of the 
graphs U'^iG) and L™(G") has = n\+n\ + .. .+n\ vertices, which we number accordingly, 
i.e., the respective first n\ vertices have color 1, followed by n\ vertices of color 2, and so on. 
Let e, e' G {1, 2,..., Ui}. We denote the color of edge e of G* by c, and its incident vertices 
by V and n, where n = n if it is an iV-loop. Analogously, we let edge e' of {G')* have color c' 
and possibly identical incident vertices v' and v'. Then, 

are the only non-vanishing entries in their respective row and column. In particular, 

[T’jtii;' = [AgTjj^t,/ = [TA(^/]y^,/ = and = [A(^T].y.y/ = [TAq/]i,^,/ = 

Hence, 

[T]^^/ + [T]„yy/ = [T]yrt,/ -|- [Tjyyyj/ = [T]^^/ -|- = [T]^yy/ -|- [Tjyyyy/, 

which allows to dehne a transplantation matrix for the line graphs associated with G and G'. 


Definition 8. The line graph transplantation matrix Tl G coming from T is given by 

f [T]vv' + [T]vV = [T]vv' + [T]vv' if C = c' and v' ^ v', 

[Tilee' = I [T]vv' = [T]vv' = [T]vv' = [Tjjyjy/ if c = c' and v' = v', 

I 0 otherwise. 

For later reference, we note that if e was a c-colored D-loop, i.e., if [A^]^^ = —1, then 
[T]„„/ = - [AqT]^^> = -[TAg,]^„/ = - [T]yy>, so that [T]^^/ -F [T]^yy/ = 0. 

Similarly, if e' was a c-colored D-loop, i.e., if [Aqi\^i^i = —1, then 

[T]^y, = [AqT]^^, = [TAq,]^^, = so that [T]^^, + [Tjyy^/ = 0. 

Lemma 9. The line graph transplantation matrix Tl is invertible and satisfies 
Af^c(jj)TL = TiAf^cf^Q,^ for every c E {1^2,... as well as 

for every c, c G {1, 2,..., A;} with c j^c. 


a{c,c\ rp 


_ rp /t{c,c} 
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Proof. For each c G {1,2,..., k}, let E'^ = {n{+n| + .. .+nff^+e'^ | = 1, 2, ..., nf}, which 
corresponds to the c-colored edges of G* as well as to the c-colored edges of {G')*, which 
in turn correspond to the c-colored vertices of E'‘^{G) and L™(G'), respectively. In order 
to show that the block diagonal matrix is invertible, it suffices to show that each of its 
k diagonal blocks has linearly independent rows. Let c G (1, 2,..., A;}, and assume that 
{ae)eGE<^ G Satisfies 

0 = ^ ae[Ti]ee' for every e' G .FL 

eeE‘^ 

As before, we let edge e' G E'^ of {G')* have possibly identical incident vertices v' and vk 
We first consider the case v' ^ v'. Recall that every vertex n of G has exactly one incident 
c-colored edge, which we denote by e(v,c). Let 

{ ^ae(v,c) if e(n, c) is a link, 
ae(„,c) if e(v, c) is an iV-loop, 

0 if e(v, c) is a D-loop. 

If e = e(v, c) is an TV-loop at v, then 

®e[^L]ee' ®e(i),c) ("F 

whereas if e = e(v, c) = e{v, c) is a link between v and v, then 

®e[Fh]ee' 20 e[Fh]ee' ®e(t),c) (“h [FjtJi;') ~l“ 0‘e{v,c){_^^'\vv' A [F]?;!;')- 

Hence, 

n n n n 

0 “h [F]ti5;') ^ (^e(v,c) [F]^^' -|- ^ (^e(v,c) [F]ct' 2 ^ (^e(v,c) [F]t,t,', 

ti=l v=l v=l v=l 


where in the last equality we used that each vertex v is the unique c-neighbor of some 
vertex v, meaning 7 ^ 0, in which case ae(^^c)[T]Ev' = '^e(v,c)[T]vv'■ The same arguments 

apply if v' = v', except for the summands involving v' which disappear. Since the rows of 
F are linearly independent, we deduce that ae{v,c) = 0 for every n G (1,2, ... ,n}. In other 
words, (ae)ee_Bc = 0, which proves that Tl is invertible. 

Next, we show that for every c G (1, 2,..., A;} and e, e' G (1,2,..., rii} 

[A^vc(G)FL]ee' = [FLA^vc(G'/)]ee'- 
Let e E E'^ and e' G E'^'. Since Tl is block diagonal, we have 




■icy 


Tllee' = 


F 

e&E<^' 


[Aj^vc^q^ eeiFijee' and [F/;^Aj^vc^q/^ ee' — ^ ^ [Fujee'[A j^vc^q/^ 


e'GA^ 


If c 7 ^ c or c = c = c', then [A^vc(G-)]ee = 0 for all e G E‘^\ and [A^vc(G/)]g^'e' = 0 for all E G E'^. 
It therefore suffices to consider the case 'c = c ^ c'. As before, we let edge e of G* and edge 
e' of {G'y have incident vertices {n,n} and {n',n'}, respectively. Note that each of the sums 
above has at most 2 non-vanishing summands, which correspond to the c'-colored edges at v 
and V, as well as the c-colored edges at v' and n', respectively. Regardless of whether these 
edges are links, iV-loops, or D-loops, if v' 7 ^ n', then 

[A2vc((^)FL]ee' = [F]„„/ -|- -f [Fjjy^/ -|- [T]^i = [F;,A^vc((^/)]eeG 

whereas if v' = v', then 

[A2vc(G>)FL]ee' = [F]^^' -|- [F]^^/ = [F^A^vaj-G'/^jee'- 
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Finally, we show that for every c, c G {1, 2,... ,k} with c ^ c and e G {1, 2,..., rij^} 

where we reused the notation [M]m for row m of the matrix M. We use the same idea 
as above and note that if e ^ U then = 0, i.e., = 0, and 

Tijes- 7 ^ 0 only if o' ^ £1^ U £^, i.e., ^ If ^ ^ 

i.e., = lAl vc(g)TL]e, and [T^jee' 7^ 0 only if e' G in which case we have 


[A[ec^g,)]e' = [^ivc(G/)]?r', i-e., = [TLy4^,c(G/)]e- Similarly, if e G then 


iF.c} 


~ [-^L''<={G)'^L]e — [^L^Lvci-G/^je — [TLA]^ec(G')] 


{c,H} 


□ 
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